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Abstract 

We study the dynamics of a general scalar field, a tachyon or an or- 
dinary scalar, in the presence of world-volume massless fields in the DBI 
effective theory by exploring their exact solutions. The obtained solutions 
indicate that the effective mass of the general scalar on a uniformly moving 
D-brane decreases, even to zero. For the tachyon case, the result implies 
that unstable D-branes decay slower when moving faster. The effective 
mass is also reduced on D-strings or in the space-independent case on ar- 
bitrarily dimensional D-branes with constant electromagnetic fields. The 
result for a tachyon indicates that the electric fields tend to slow down 
while the magnetic fields tend to expedite the decay process of unstable 
D-branes. In the spacetime-dependent case, Dp-branes with p > 2 in the 
presence of constant electromagnetic fields can fiuctuate only in some re- 
stricted modes so that they propagate no faster than light. We also find 
solutions showing that Dp-branes {p > 2) carrying a beam of electromag- 
netic waves are propagating together with the electromagnetic waves. On 
such Dp-branes, the tachyon gets stable while the massive scalar gets un- 
stable if we demand their spacetime-dependent solutions to be real. 

1 Introduction 

It has been proposed that the low energy dynamics of D-branes can be captured 
by the Dirac-Born-Infeld (DBI) effective action. For unstable D-branes, there are 
a or more tachyon fields included in the DBI action [11 [21 [3]. In type II superstring 
theory, BPS D-branes are supersymmetric and stable while non-BPS D-branes 
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are non-supersymmetric and unstable. For a single non-BPS D-brane, the DBI 
effective action contains a real tachyon field. The validity of this tachyon field 
action has been justified in string field theory [HIS], where the tachyon DBI action 
is derived based on a general effective action setup by adopting a time-dependent 
tachyon profile. This implies that there should be some relation between tachyon 
profiles and the DBI effective action. 

The equations of motion from the DBI action of a tachyon are usually com- 
plicated in the spacetime-dependent case and usually studied by numerical sim- 
ulations, even in the case in the absence of other world-volume fields. However, 
we can not get complete numerical spacetime-dependent solutions due to singu- 
larities near kinks and the vacuum [H [TJ [H [9l [10] . 

In our previous work [11], we have shown that the equation of motion of a 
general scalar, a tachyon or an ordinary scalar, from the DBI action with well 
selected potentials has exact classical solutions after appropriate field redefini- 
tions. For a tachyon, the solution is a tachyon profile of a single momentum 
mode. However, the tachyon profile solution in the spacetime-dependent case is 
complex and hence is invalid in the DBI theory of a real tachyon field. We can 
get real tachyon profile solutions only in the purely time-dependent case or the 
purely space-dependent case. A special form of the potential that leads to the 
tachyon profile solution is the one derived from string field theory in |1]. For 
massless and massive scalars, the spacetime-dependent solutions can be real and 
so are valid. 

In this paper, we apply the results obtained in [11] to study the dynamics of 
a general scalar field on a stable or unstable D-brane in the presence of world- 
volume massless fields. We adopt the potentials and field redefinition relations 
that can lead to exact solutions to study the multi-field system in the DBI effective 
theory, in which we also find exact solutions for all fields. It is shown that 
the solution of a specific field in the DBI action of multi-fields is exactly the 
one obtained in the case with all other fields vanishing, except that there are 
some momentum coupling constraints between fields. From these solutions and 
momentum coupling conditions, we can study the dynamics of stable and unstable 
D-branes in the presence of these massless fields. 

The world-volume massless fields we consider include the massless scalars in 
the transverse directions to D-branes and the U{1) gauge fields. As we know, 
the transverse massless scalars describe the fluctuation of the D-brane in the 
transverse directions. Hence, from the exact solutions obtained in the case of 
coupling to the transverse massless scalars we can learn the dynamics of D-branes 
that move or fluctuate in the bulk in different modes. From the solutions obtained 
in the case of coupling to gauge fields, we can learn the dynamics of D-branes 
that carry constant electromagnetic fields in arbitrary directions or propagating 
electromagnetic waves. 

This redefinition method provides a useful way to simplify the discussion and 
to extract exact information in the DBI effective theory, in particular in some 
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complicated circumstances. 

This paper is organised as follows. In Sec. 2, we present the exact solution of 
a general scalar in the DBI effective theory in the absence of other world- volume 
fields obtained in [TT]. In Sec. 3, we apply the results in Sec. 2 to derive exact 
solutions in the DBI theory of the general scalar coupled to transverse massless 
scalars. In Sec. 4, we derive exact solutions in the case that the general scalar 
couples to gauge fields. Finally, we summarise the results in Sec. 5. 



2 Exact solutions in the DBI effective theory 

Generalising the DBI action of tachyon field P, [121 US], we can have the DBI 
action of a general scalar field X on a Dp-brane 

S = - J dP+^xCiX)y/l + 7]^^-^^X^,X, (1) 

where C{X) is the potential. In the following discussion, the field X can be a 
tachyon T, a massless scalar y or a massive scalar $. 
The equation of motion from this action is: 

{1 + dX ■ dX) (ux - ^) = d^Xd^'Xd^d^X, (2) 

where □ = rj^'^d^dy and C = dC{X)/dX. It is clear that any solutions satisfying 
1 + dX ■ dX = are always solutions to this equation as we note that the right 
hand side of this equation can be recast into {l/2)dX ■ d{l + dX ■ dX). For the 
tachyon field X = T, it is proved that the equation 1 + dT ■ dT = can be 
achieved only near the vacuum at T ^ ±oo, to be an alternative equation to the 
equation of motion ([2]) [H [HI [lO] . 

Following the previous work [TT], we rewrite the DBI action ([T]) by adopting 
the following potentials C{X) and field redefinition relations respectively for a 
tachyon, massless scalar and massive scalar: 

(i) For a tachyon field X = T, we adopt the potential 

C{T) = (3) 
cosh(pT) 

and the field redefinition relation 

T = isinh-^(/30). (4) 

where Cm is the maximum value of the potential, located at T = 0, and (3 is a 
constant. This constant Cm is related to the tension of the non-BPS D-brane. 

(ii) For a massless scalar X = Y, the potential C{Y) = Cm is constant and we 
set Y = 6. 
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(iii) For a scalar field X = $, we adopt 

C($) = — - < 7$ < (5) 
^ ' cos(7$)' 2 - ' - 2' ^ ' 

and 

$ = - sin~^(70), - 1 < 70 < 1, (6) 

7 

where is the minimum value of the potential, located at $ = 0, and 7 is a 
constant. The constant Cm here is related to the tension of the stable D-brane. 

With the above potentials and field redefinition relations, the action (fl]) can 
be changed to 

C = -V{<P) y/f/(0)+ 9^09/^0, (7) 

where U{(f)) = Cm/V{(j)) = 1 + acj)'^. For a tachyon (p, a = For a massless 
scalar 0, a = 0; For a massive scalar 0, a = —7^. The equation of motion from 
this Lagrangian is: 

f/(n0 + a0) + [(90 ■ 90)n0 - a^0a^0a^a'^0] = 0. (8) 

It is clear that this equation has the following spacetime-dependent solution 

cPix") = 0H_e''=-" + 0_e-''=-", = kf'k^ = a, (9) 

where 0-|- are constants and k^ = {ko, k) are the momenta of the field 0. Note 
that this solution is only of a single momentum mode, while the solution to the 
equation 00 + a0 = can be any combinations of the solution ([9]) of all possible 
momentum modes k. 

Since we are considering the DBI theory ([1]) of a real scalar field, the solution 

should be real, which requires that the coefficients must satisfy 0^ = 0_ and 

01 = 0+. Actually, the real solution can be more explicitly expressed as 

= 0s sin(/c ■ x) + 0c cos(A; ■ x), k'^ = a, (10) 

where (ps.c are constants. 

For the exact solution ([9]) or ( ITOl) . one can prove that c = dcf) ■ dcf) + acf)^ is 
a constant: c = 4a|0+p = 4a|0_p for ([9]) and c = a(0^ + 0^) for ([10]). With the 
constant c, we can derive the energy-momentum tensor from the exact solution 
([9]) or ffTOl) . as will discussed below. It can be proved that the energy- momentum 
tensor of the field is equal to that of T, i.e., T^y{(j)) = T^y(X). The latter is 
given by 



T^,{X)=C{X) 



+ dX -dX 



(11) 



_y/l + dX-dX 

In what follows, we will discuss in detail the above exact solutions and their 
energy-momentum tensors respectively for a tachyon, massless scalar and massive 
scalar. 
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2.1 Tachyon 

For a tachyon 0, there are two situations for the solution ([9]) or (fTOl) in terms of 
the condition = —k"^ + = /S"^. (a) k"^ > (3"^: All components of k^ are real. 
The solution in this case describes an oscillating scalar field travelling faster 
than light with k"^ = kQ + (3^. (b) fc^ < The space-like components k are still 
real but the time-like component ko must be imaginary, i.e., ko = iu with u real. 
Then the solution can be expressed in the form: 

= 0+e"*e'^^-"^ + 0_e-"*e-*^-"\ tu^ + k^ = (12) 

which describes an unstable process, like the decay of unstable D-branes. The 
field with this solution contains two modes: one shrinks to and the other 
grows to oo with time. 

However, the solution (fT2|l is complex. So it is not a valid solution in the 
DBI effective theory of a real tachyon field. But there exist real solutions in 
the purely time-dependent or space-dependent case. In the homogeneous case, 
Eq. ([H]) for a tachyon reduces to = /9^0 whose solution is a time-dependent 
tachyon profile: = 0_|_e^* -|- 0_e~^*. In the static and p = 1 case, Eq. ([S]) for 
a tachyon reduces to 0" = — /?^0 whose solution is a space-dependent tachyon 
profile: = 0^ sm{Px) + 0cCOs(/3x). 

Since the solution ([T2|) is valid in the space-dependent and the time-dependent 
cases, we still give the energy-momentum tensor from this solution 
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1 -\- c ( k^y \ k^kp 



cosh^(/?T) V "^'"J P 



(13) 



It is easy to prove that the energy-momentum tensor obeys the conservation law: 
d^T^i, = 0. In the homogeneous case with /cg = —u'^ = —(3"^ and fc^ = 0, the 
components of the energy-momentum tensor are: 

Too = ^^, T,, = 0. (14) 

It is a pressureless state with finite energy density. It is shown by numerical sim- 
ulations [6l [7] that the spacetime-dependent tachyon field develops into a nearly 
homogeneous field towards the end of condensation. So the energy-momentum 
tensor ( fT4l) should exist as the tachyon approaches the vacuum. This is consistent 
with the previous analysis in conformal field theory [T^ [T3] and in the DBI effec- 
tive theory [131 El 13 [IS], where it was shown that the tachyon field approaching 
the vacuum evolved into a pressureless state with finite energy density. 

2.2 Massless scalar 

For a massless scalar 0, a = 0. The equation of motion ([HD reduces to 

□0 + [(90 ■ 90)00 - 9^09^09^ 9>] = 0. (15) 
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In this case, the field F = is an appropriate massless scalar describing the 
fluctuation of a D-brane in one of its transverse directions. There are two kinds 
of solutions to the above massless scalar field equation. 

(a) One possible solution is the one of an oscillating mode (IHl), which can be 
more explicitly written as 

Y = (!) = (t)+e'^-'' + (/._e-'^-", kl = P. (16) 

This solution describes the oscillation of a D-brane in one of its transverse direc- 
tions. 

From this solution of a single oscillating mode, one can derive the energy- 
momentum tensor 

T^u = CUdf,Yd,Y -r]^,), (17) 

where the first term comes from the oscillation of Y, while the second term comes 
from the negative contribution of the D-brane tension. It is easy to prove that 
this energy-momentum tensor is conserved: d^T^y = 0. A feature indicated by 
the energy-momentum tensor is that the pressure of the D-brane of an oscillating 
mode is generically negative, whereas in ordinary field theory of massless scalars 
the pressure is generically positive. 

(b) Besides the above solution, there is a special solution to the equation (fTSll 

d^Y = d^cj) = a^, (18) 

with > — 1 due to the positiveness of the kinetic part 1 + dY ■ BY in the DBI 
action. This solution describes a D-brane that is inclined at an angle decided by 
the parameters Oj and moves with the velocity oq. If the inclined angle is zero, 
i.e., = 0, the solution (fTSll is simply Y = oq, which is the same as the zero 
mode solution of a string. 

For the solution (1181) describing the uniform motion of a D-brane, the energy- 
momentum tensor is 



T = C 



(19) 



which is constant and hence obeys the conservation law. For a D-brane with zero 
inclined angle or a D-particle, the energy density is Too = Cm/ v^l — Cq. This 
expression is similar to the expression of the effective mass m of an ordinary 
particle in relativity: m = mo/Vl — v^, with the rest mass mo = Cm and the 
velocity v = aQ. But, at the speed = ±1, the pressure of D-particles Ta = 
—Cm \/l ~ Q-o is zero. For ordinary particles, the pressure is zero when they are 
at rest. 



6 



2.3 Massive scalar 

For a massive scalar 0, a = —7^. The massive scalar in the DBI effective the- 
ory may describe confined fluctuation of the D-brane, in contrast to transverse 
massless scalars. The real solution of the massive scalar is ([9]) or ( |TOl) . The 
energy-momentum tensor from this exact solution is 



It also obeys the conservation law d^T^^ = 0. Note that in this case c < and 
1 + c < cos^(7$) = 1 — 7^0^ for the real solution ffTOl) . Thus, the energy density 
Too is positive. But, the pressure is also generically negative due to the negative 
contribution from the tension of the stable D-brane. 

3 Coupling to transverse massless scalars 

In the rest of this paper, we shall adopt the method used in the previous section 
for deriving exact solutions to explore solutions in the DBI theory including 
world-volume massless fields. 

As done for the action ([T]), we can generalise the DBI action of a tachyon field 
in the presence of world- volume massless fields [H [2], [3] to get the one of a general 
scalar field X: 



where (/ = p+1, ■ ■ ■ ,D — 1) are a set of massless scalar fields for each direction 
transverse to the Dp-brane, with D = 26 for bosonic strings and D = 10 for 
superstrings, and F^i, = d^A^, — d^A^ is the field strength of the U{1) gauge field 
A^. describe fluctuations of the D-brane in transverse directions. 

In this section, we first study the dynamics of the general scalar X in the 
presence of only the transverse massless scalars Y^ . Working out the determinant 
in the DBI action (l^T]) with the gauge fields vanishing, we get the Lagrangian 




(20) 



S = - [ <F^^xC{X)^- det(r/^, + d^Xd.X + d^Y^d.Y^ + F^,), (21) 
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(22) 



where M = Y.i d^.Y^d^'Y^ and 



HUX) = d^Xd.Y' - d,Xd^Y\ 



(23) 



H. 



d.Y'd.Y' - d.Y'd.Y'. 



(24) 
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Now we adopt the potentials and field redefinition relations respectively for 
the tachyon, massless scalar and massive scalar given in the previous section to 
rewrite this Lagrangian as 



(^1 + M + ^HliH''^''^ f/(0) + d,<j>dy + ^-Hl^H'^^ 



(25) 



where U{4>) = Cm/V{(f)) = I + acf? and 

= d,ct>duY' - dAd,Y\ (26) 
The equations of motion of and from this Lagrangian are respectively 

= 0, (27) 



+ 1 + M + -i/" ■H'^)^ = 0, (28) 



y J \ 2 J y 

where y is the kinetic part of the DBI action ( !25l) : C = —Vy. 

3.1 Time evolution 

Let us first consider the simple case, the homogeneous case, in which the coupling 
terms H^^ and Hl^^ automatically vanish. Denoting Mq = YliO^^)"^^ equation 
of motion of the massless scalar Y^ ( 127|) can be expressed as 

[(1 - Mo)U - ^']Y' + Y'[^4> - a{l - Mo)<l)<P + ^f/Mo] = 0, (29) 

where the dots denote time derivatives. Multiplying Y^ on both sides of the 
equation and summing over all components /, we can get 

Mo{U - 0') + 2Mo0[0 - a(l - Mo)0] = 0, (30) 

On the other hand, the equation of motion of (p (EH]) is 

2(1 -Mo)[0-a(l-Mo)0] + 0Mo = 0. (31) 

For the massless scalars Y\ we can have Y^ = 0, which imply that Y^ are 
constant: Y^ = Og, where Oq are real constants. In the special case when Oq = 1, 
the tachyon or massive scalar satisfies = 0, behaving as a massless scalar. 
When Oq < 1, denoting = ^/(og)^, we can have the solution of 

= 0+6"* + 0-e-'^*, cu^ = (1 - al)(3^ (32) 
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for a tachyon with a = (3' 



and 



(j) = (ps sin (cut) + 0c cos (ujt), 



(1 - 



(33) 



for a massive scalar with a = —7^. 

Thus, the absolute values of the mass squared | — kQk^\ = uP' for both cases 
become smaller than the original values due to the presence of the transverse 
massless scalar s . At the critical value ao = ±1, the field becomes a massless 
scalar. Moreover, how much the absolute values of the mass squared decrease 
depends on the velocity Cq of the whole D-brane but not necessarily on its com- 
ponents Og. To get the same mass squared uP' , we only need to keep the velocity 
ao of the whole D-brane the same value, while the values of its components Oq 
may vary. 

For a tachyon 0, the decreasing tu^ leads to smaller growth rate of the field, 
which at late time is T ~ ^J\ — < 1. It means that unstable D-branes decay 
slower when they move faster. For a massive scalar 0, the decreasing uP leads to 
smaller oscillating frequency, which is \uj\ = 7-^1 — Oq < 7. 

Finally, we need to make clear one missing point about the two field equations 
( 15U]) and (pri) : we actually can get the following relation from these two equations 



One can prove that any solutions of Mo(t) and 0(t) satisfying this equation can 
sufficiently satisfy Eqs. and (note that Mq = -20[0 - a(l - Mo)0]/f/ 
from Eq. flMl) ). Actually, this relation flM|l leads to the vanishing of the kinetic 
parts of the DBI action fl22l) and fl25|) in the homogeneous case, i.e., 1 + M + dX ■ 
dX = and y = respectively. This is similar to the results for the equation 
of motion the solutions satisfying 1 + dX ■ dX = are always solutions 
to the equation of motion ([2]), as pointed out in the previous section. We also 
mentioned that, for the tachyon field X = T case, the equation 1 + dT ■ dT = 
can be achieved only when the tachyon rolls down to the vacuum. Hence, we can 
conjecture that the equation (IMI) for a tachyon X = T could be achieved only 
towards the end of condensation. 



1 - Mr 




(34) 
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3.2 The spacetime-dependent case 

In the spacetime-dependent case, denoting M = J^j^^'^ ' ^^"^ expanding 
Eq. (EZD give 

[U{1 + M + ]^H^^ ■ H^^) + 90 ■ 90 + ]^H^ ■ H^] [DY^ + d''{Hl^^)d''Y'^ 
-Vd^{Hl^)d^<P] - ^-{d,Y' + H'^ld'^Y' - VHl,d''<j>)[2Ud'^M + 

4a0(l + M + ii/" ■ H^-^)d^(l) + Adp^d^d''(l)] = 0. (35) 
Expanding Eq. (128|) gives 

h + h = 0, (36) 
where the hnear and cubic order terms of are respectively 

Ji = (1 + M + ^H^-^ ■ H^-^)[n(f) + a0(l + M + ^i/^-^ ■ iJ^-^) + 

d>^{Hl,)d^Y'] - \{d,<P + Hl,d^Y')d^{M + ii/^^ ■ i/^^), 

J3 = [a02(i + M + ^i/^-^ ■ H^^) + ^//^ ■ /J^]p0 + a0(l + M + 

. H'') + d>'{Hl,)d''Y'] + [(90 ■ 90)00 - 9^09,09'^9'^0] 
+(90 ■ 90)9^(if^J9^F^ - i7^^9''F^[9p09^9''0 + a09'^0(l 
+M + ^i/^-^ ■ H^-^)] - i(9^0 + i7^^9'^FO[2a0^^''^ 

For a tachyon or a massive scalar with a 7^ 0, the exact solutions of and 
satisfying Eqs. ( !35l) and ( !36l) are respectively 

9^F^(x'^)=ai, a2 = ^aX^>-l, (37) 

0(x^) = 0+e*'^-" + 0_e-''=-", fc' = (1 + a')a, (38) 
with their momenta satisfying the coupling relations 



a!, a 



(39) 



V 



which equivalently give 



?L = ^ = . . .'^ = ^JJ ?k = ?L = ... = ?^ = ,^i (40) 
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where and are constants. These momentum couphng relations give rise to 
the vanishing of the couphng terms 

^;. = 0, Hj,i = Q. (41) 

For the solution of the massless scalars , we choose the solution (fTS!) rather 
than (fT6l) because the coupling terms Hj^^, and Hj^f, cannot vanish if we choose 
the latter as the solution of . The momenta of the solution (fT6l) satisfy the 
condition /c^ = 0, while those of the tachyon or massive scalar field cf) satisfy 
/c^ = a 7^ 0. Thus, they cannot give the coupling relation fl39l) which comes from 
the vanishing of Hj^^ and Hj^^. Since the transverse massless scalars Y^ describe 
the fluctuation of the D-brane in the transverse directions, the solutions of Y^ 
(137|) imply that the D-brane is inclined at an angle related to af and moves with a 
uniform speed related to Oq in the bulk, with satisfying the coupling relations 

iOD. 

From the solution of (l38l) . we can see that the absolute values of the mass 
squared | — also become smaller than the original values due to the uniform 
motion of the transverse massless scalars Y^ . We can also learn that the mass 
squared | — A;^ | is dependent on the value a? but not necessarily on its components 

<. 

For a tachyon the decreasing | — fc^ | implies that inclined unstable D-branes 
also decay slower when moving faster. But, in this case, the spacetime-dependent 
tachyon solution is complex when we require /cq to be imaginary. We can only 
have real solutions in the homogeneous case and in the static case. The former 
case has been discussed in the previous subsection. 

For a massive scalar 0, the spacetime-dependent solution (138|) is real and so 
is valid. In this case, — 1 < < in terms of the coupling relations (HOl) . It is 
clear that the mass of the massive scalar is given by — /c^ = 7^(1 -|- a^), which is 
smaller than 7^ since — 1 < < 0. In terms of the momentum coupling relation, 
we can give a relation between the field and Y^ by neglecting the constant term 
of Y^ and denoting Y = Y^ / 

<p = <ps sin(y ) + <pc cos(F) . (42) 
From it, we further have the relation between $ and Y 

$ = i sin"^ [70, sin(r ) + 70, cos(F)] . (43) 

7 

That is, the scalar $ oscillates in a mode proportional to that of the uniformly 
moving D-brane. 

For a massless scalar with a = 0, the solutions of Y^ can be either f|T6l) or 
f|T8|) . Correspondingly, the solution of is f fT6|) or ffTSl) as well. 
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4 Coupling to gauge fields 

The case of coupling to gauge fields is more complicated. We first work out the 
determinant in the DBI action including both a general scalar and the gauge 
fields and write it in an explicit form. But these forms of the determinant are 
different on D-branes of different dimensions. Another point is that, for varying 
gauge fields, we usually need to choose gauge conditions. 

The DBI effective action of a general scalar field X coupled to the U{1) gauge 
fields is given in the form ( 12T1) without the transverse massless scalars 



Aspects of static kink (and vertex) solutions from this action for a tachyon 
have been studied in [T6lini[T8l[l9l[20l[2ll[22l[23], where it was shown that 
the electromagnetic fields were constant. Due to the existence of the constant 
electromagnetic fields, the separations between kinks and anti-kinks are reduced. 
The electromagnetic fields are also restricted to be constant in the homogeneous 
case [23] , in which the tachyon grows slower with time in the presence of constant 
electromagnetic fields. In what follows, we shall use the method of redefinition 
adopted in Sec. 2 to explore solutions in the coupled system of a general scalar 
and gauge fields on D-branes of various dimensions. 

4.1 D-strings 

For D-strings, the action (jUj) is simply 



where E{t, x) = Fqi is the electric field along the x direction on a D-string. 
Implementing the field redefinitions on the field X as given in Sec. 2, the action 
( H5|) can be rewritten as: 



where U{(f)) = Cm/V{(f)) = 1 + acj)"^ as before and /i, u runs over 0, 1. 

The equations of motion of the electric field and the field (p are respectively: 




(44) 




(45) 




(46) 




(47) 




(48) 
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where y is the kinetic part of the action (H6|) : C = —Vy. 

For the pure gauge field case with vanishing 0, only the equation (H7|) is left, 
which reduces to d'^E = 0. Hence, the electric field E without coupling to any 
other fields in the DBI theory can only be constant on D-strings. 

With non-trivial 0, the above equations of motion (H7I) and (HHl) give respec- 
tively if we denote r = E"^ 

i(f/ + 90 ■ a0)9^r - r[^a'^(90 ■ 90) + a(l - r)09^0] = 0, (49) 
U{1 - r)p0 + a(l - r)0] + ^f/9r ■ (90 

+[(50 ■ (90)00 - a^0a^0a'^a>] = o (50) 

It is clear to see that there is an exact solution for when the electric field is 
constant: 

0(x'^) = 0+e'^-" + 0_e-''=-", e = {l- r)a. (51) 

In the special case r = 1, becomes a massless scalar and has the massless scalar 
solutions (|T6|) and ( fT8|) . 

In the homogeneous case, Eqs. (149!) and (150!) become respectively 

r(f/ - 0^) + 2r0[0 - a(l - r)0] = 0, (52) 

2(l-r)[0-a(l-r)0] + r0 = O. (53) 

These two equations are respectively similar to Eqs. (!30!) and (13T1) for the case of 
coupling to transverse massless scalars. Similarly, from them one can get 

l-r = | = X^ (54) 

which also leads to the vanishing of the kinetic parts of the DBI actions (l45ll 
and (146|) . For the tachyon field X = T, this equation is also expected to be an 
achieved as the tachyon approaches the vacuum. 

When the electric field is constant, the homogeneous solution of is 

= 0+e^* + 0-e^'^*, = {1- r) p\ (55) 

for a tachyon, or 

= 0^, sin (cut) + 0c cos (cut), cij^ = (1 — r) 7^, (56) 

for an ordinary scalar. Thus the tachyon grows slower due to the presence of 
non- vanishing constant electric field. At late time, |T| ^ Vl — r and it is less 
than 1. Hence, the constant electric field tends to slow down the decay process of 
unstable D-strings. At the critical value r = 1, the tachyon becomes a massless 
scalar which implies that the unstable D-string with a sufficiently strong electric 
field becomes stable. For a massive scalar 0, the oscillating frequency of the field 
becomes smaller due to the presence of a non-vanishing electric field. 
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4.2 D2-branes 

For D2-branes in the presence of gauge fields, the action ( l44l) can be rewritten as 



S 



d^xC{X) 



where 



Gx = Ff^d^X, 



(57) 

(58) 
(59) 



Gx are the couphng terms between the general scalar field X and the dual gauge 



field strength, e^^^p is a 3-dimensional Levi-Civita tensor with e 



pvp 



-e^'^P and 



^012 — 1- 

After the field redefinitions given in Sec. 2, we reach the action of 0: 



S 



£xV{(f))y 



d^xV{^) 



1 + ^F.^F^-'^ U{ct>) + d^<jyd^ct> - G' 



(60) 

where G = F^d^cj). The equations of motion for the gauge field can be written: 



V{^)Ge,,,dP4> 



which can be recast into 



y 



(61) 



(62) 



The equation of motion for the field is 



QP I d^cp - GF^ 



1 + -F^.F'^^ 



1^ = 0. 

/ y 



(63) 



4.2.1 Time evolution 

First, we consider the space-independent solutions from the DBI action fl60|) with 
the field strength elements: (/>(t), -Fqi = Fi{t), Fq2 = E2{t) and F12 = B = const. 
In this case, the only non-vanishing coupling term is G = —<j)B and Eq. 
becomes 



d' 



y 



y 



0. 



(64) 



They lead to 



[{1 - r)U - <}>']E, + 



a{l-r)(j)(l) + -Ur]Ej = 0, 



(65) 
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where the index j runs over 1 , 2 and 



r = (66) 

Multiplying Ej on both sides of this equation and summating over j = 1,2, we 
get a single equation 

r{U - 0^) + 2r0[0 - a(l - r)0] = 0, (67) 
On the other hand, the equation of motion of ( l63l) becomes 

2(l-r)[0-a(l-r)0]+r0 = O, (68) 



Thus the above two equations of r and are respectively the same as Eqs. ( l52l) 
and ( l53l) . except that the definition of r is different here. Therefore, we can also 
get the same relation as Eq. (154|) from the two equations. 

From the above equations of motion, we know that, when the ratio r of 
the total energy densities of electromagnetic fields is constant, there is a time- 
dependent solution of 0, which is 

= 0+e"* + 0_e-'^*, u^={l-r)P^, (69) 

for a tachyon, and 

= 0s sin (ci;t) + 0c cos (ci;t) , c<j^ = (1 — r) 7^, (70) 

for a massive scalar. 

Thus the effective mass squared u"^ also decreases for a non-vanishing value 
r. Specially, when r = 1, the field becomes a massless scalar. Moreover, from 
the above solutions we can also learn the feature that if only we keep the ratio r 
constant we will get the same solution with the same effective mass a;^, while 
the components of the electromagnetic fields Ei, E2 and B are allowed to change. 

Another feature we can learn from the expressions of r and u"^ is that the 
electric fields tend to decrease while the magnetic field tends to increase the 
absolute values of the mass squared u"^. 

For a tachyon, this also leads to a slower growth rate of the field. At late 
time, the tachyon grows at a rate |T| ~ \/l — r < 1, which means that unstable 
D-branes decay slower in the presence of non-vanishing constant electromagnetic 
fields. 

For a massive scalar, the field has a lower oscillating frequency in the pres- 
ence of non-vanishing constant electromagnetic fields, indicating that the massive 
scalar has a smaller effective mass. 



15 



4.2.2 Fixed electromagnetic fields 

Next, we consider the spacetime-dependent case by setting all components of the 
electromagnetic fields Fqi = Ei, F02 = E2 and Fu = -B to be constant. Then one 
can express Eq. (l63l) as 

f/(l + ■ F)[D(I) - F^F,d>'d''(P + (1 + ■ F)a</.] + 

[{d(f) ■ 90) 00 - a^0a^0a^(9>] + F^F^[d''(f)d^'{d(f) ■ 90) 

- (90 ■ 90)9^ 9> - 9'^09''0n0] = 0, (71) 

where F^ = {B , E2, -Ei). 

This equation still has the classical solution ([9]) or (fTOj) but with the momenta 
satisfying 

k-k = {F-kf + {l + \F-F)a . 
= {kQB + E^k2-E2hf + {l + B''){l-r)a. ^ ' 

This momentum condition implies that the momenta A;^ vary on a surface in the 
momentum space, which is decided by the three components of the electromag- 
netic fields. When fci = ^2 = 0, we recover the time-dependent solution obtained 
in the previous discussion. Let us discuss the momentum coupling relation in 
detail below respectively for a tachyon, massless scalar and massive scalar. 

For the case a = 0, the solution does not necessarily describe a massless 
scalar since its mass squared /c^ 7^ when F ■ k ^ or G ^ 0. If G 7^ 0, 
becomes a tachyon with k"^ > 0, propagating faster than light. For instance, 
setting ki/Ei = k2/ E2, we get the momentum condition (1 + i?^)/co = kl + k^, 
which describes a massless scalar in a transverse direction propagating faster than 
light. To avoid superluminal propagation, the allowed momentum mode k^ must 
satisfy 

F ■ = 0, (73) 

when a = 0. In this case, the massless scalar remains as a massless scalar, but 
fiuctuate only in some specific momentum mode that is decided by the constant 
electromagnetic fields on the D-brane. 

For a < 0, it is also possible that the mass squared fc^ becomes positive from 
the originally negative value /c^ = —7^, making the field become a tachyon from 
a massive scalar. Thus, to avoid becoming a tachyon, the field can only be in 
some specific modes k^ that satisfy 

[F ■ kf < {I + B'^){1 - r)-i'^ . (74) 

For a > 0, the solution will be always a tachyon with A;^ > when r < 1. 
But, for the tachyon 0, the time-like component fco is complex ko = iu. In this 
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case, there are two situations for the above momentum condition (1721) in order 
to keep u;, ki and k2 to be real: 

(a) When B = 0, the momenta satisfy 

(1 - Ei)kl + (1 - Ef)kl + 2EiE2kik2 = (1 - Ef - Ei)(3^ - uj'^. (75) 

For a given u, ki and k2 can only vary on the circumstance of an ellipse that is 
decided by the values of Ei and E2. The maximum value of \uj\ happens when 
ki = k2 = 0- So the constraint on u; is |u;| < — Ef — E^. 

(b) When B ^ 0, ki and k2 must satisfy ki/Ei = k2/E2. Then the relations 
between the momenta are 

kl = ^[il-r)(3'-uj% kl = ^[il-r)f3'-uj% (76) 

where r = {Ef + E^) /(I + B^) as before. The constraint on u is Ic^l < /3\^1 — r. 
From Eq. fl7^ . we know that di(f) = if -Ei = and = if -E2 = when 
B ^ 0. This is consistent with the requirement of symmetry. 

4.2.3 Electromagnetic wave 

Now we consider the case with a single gauge field component A2{x'^) along 
the direction. We assume that A2 is homogeneous along direction, i.e., 
A2 = A2(x°,x^), so that it satisfies the Lorentz gauge d^A^j^ = d'^A2 = 0. In the 
following discussion, we denote the indices fj,,u = 0,1,2 and ■m,n,a,b = 0,1. The 
components of the field strength are: 

Foi = 0, Eo2 = doA2{x^)=E2{x^), F^2 = d^A2{x^) = B{x^). (77) 

For convenience, we denote A2 by A. 

As before, let us consider the DBI action for pure gauge field with vanishing 
field = 0. The equation of motion fl62l) of the gauge field becomes: 

d'^dmA + [{d^Ad'^A)d''dnA - dmAdnAd'^d^'A] = o. (78) 

Obviously, a solution from this equation is 

A = A+e*"?™"™ + A.e-'"'"""', ql = ql, (79) 

where A± are constants. It describes a beam of planar electromagnetic waves 
propagating along the x"^ direction on the D2-brane. It is the same solution as 
the one from the Maxwell equation under the Lorentz gauge d^F^j^ = DA = 0. 

Let us further consider the case with non-trivial 0. Since there is only a 
single component of the gauge field A = A2, the coupling term can be expressed 
as G = e„„29™05"A = e^„9"^09M. 
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Eq. (162|) contains three equations, with u = 0, 1,2. For the u = 0,1 compo- 
nents, d'^F^i, = 0. They are respectively 

e^opi^Gld'^id^ ■ d<P) + Ud>'{d'''Ad^A)] - [U{1 + d"'Ad^A) + d<P ■ d<P] 
d>'G}dP(P + UdoA[a(P{l + d"^ Ad,nA)d^ <p + \d^{d(P ■ defy - Gd^G] = 0, (80) 

and 

^^ip^ifW{d<^ ■ d<^) + Ud^{d^AdrrM - [f/(l + d'^AdrrA) + 9</. ■ 
d^G}d''4> + ?79iA[a0(l + d^Ad^A)d'^4> + ^92(90 ■ 90) - Gd'^G\ = 0. (81) 

For the u = 2 component, we use d^F^i, = dmd"^A, dfj^F'^" = and em2n = —^mn 
to get 

^1 + ^3 = 0, (82) 
where the first and the third order terms of A are respectively 

= U{U + d(f) ■ d4>)d"'dmA + emn[^Gd'^4>d''{d4> ■ d<p) - (90 ■ 90)9™ 

-t/[e^„9™09"G + «09™09„A + ^9™A9^(90 ■ 90)], 

Js = t/(9"^A9^A)[f/9™9^A - e^„9"^09"G] - f/[^f/9"^A9^(9M9,A) + 
a0(9M9„A)9'"09„A] + f/G[9™G'9„A - G'9™9„yl + 

^e^„9'^'09"(9M9„A)] 

The equation of motion of is 

h + h = 0, (83) 
where the first and the third order terms of are respectively 

Ji = (1 + d^AdmA)[Uct> + (1 + d^AdmA)acl) - e^„e,,9'"(9>9''A)9M] 
+^[e,™ea;,9™(9'=A9,A)9"yl9>9''A - d^ct>d"'{d''AdaA)l 

/3 = a02(i + 9™A9^A)[n0 + (1 + 9"^A9„v4)a0 - e™„eab9"^(9»09''A)9M] 
+ [(90 ■ 90)00 - 9^09,09^9>] - e„„e,,(90 ■ 90)9'"(9>9^A)9M 

+Gdf,(j)d''G + Ge^„[-9'"(90 ■ 90)9"A - 9™09"An0] 
+^a0'[e™nG9'"(9M9,A)9"A - 90 ■ 9(9M9,A)]. 
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Not that we denote d(j) ■ d(f) = df^(j)d^(f) and 00 = d^d^cj) in the above equations. 
The solutions of the gauge field and the general scalar field can be of the form 

A = A+e*'?™^'" + A.e-^"'"^'", = qf, (84) 

where A± and 0i^2 are all arbitrary constants. The momentum coupling relation 
is equivalent to 

qi = ±qo, ki = ±ko, ^2 = ±y/a. (86) 

Therefore, the gauge field solution with non-vanishing is just the same as that 
from the DBI action for the pure gauge field. The above solutions of A and 
that satisfy the coupling condition ko/qo = ki/qi gives rise to 

G = 0. (87) 

Let us discuss the solutions fl8^ and fl85|) in detail for different a in what 
follows: 

(i) For a massless scalar with a = 0, its mass squared is k"^ = k2 = 0. 
In this case, the solutions (184|) and ( l85l) of the two massless fields A and are 
real and so are valid. The solutions indicate that D2-branes carrying a beam 
of electromagnetic waves are fiuctuating in an oscillating mode, since the field 
with a = can be viewed as a transverse massless scalar. 

(ii) For a tachyon 0, k"^ = 13"^ and so /c2 = From the coupling relation in 
Eq. (l85l) . we learn that the momentum components /cq and ki must be both real 
or both imaginary since go and qi are real. When /cq and ki are both imaginary, 
the field is a tachyon with a growing mode. In this case, the solution fl85|) is 
easily seen to be complex. If we demand that is real, then /cq and ki must also 
be real. In this case, the field oscillates and does not grow and it describes a 
scalar field propagating faster than light. 

There is another possibility that we can get a real solution for the field 0. In 
terms of the momentum coupling condition in (l86l) . we specially set ko = ki = 0. 
In this case, the solution (l85l) is a stationary kink solution: (f){x^) = 0(x^) = 
0s sin(/3x^) + 0c cos(/3x^). 

(iii) For a massive scalar 0, k"^ = —7^ and so k2 = ±«7 is imaginary. The 
momenta ko and ki can also be both real or both imaginary. When they are real, 
the spacetime-dependent solution fl85l) is complex since k2 is imaginary. If we 
demand the solution is real, then ko and ki should be imaginary. In this case, 
the field grows. 

We can also get a real solution for the field in the case of /cq = A^i = 0, which 
leads the solution flS^ to a stationary solution: = 0+e^^ + 0_e~^^ . 
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4.3 D3-branes 

In the p = 3 case, the DBI action (l44l) can be rewritten as 



S = - I d^xC{X) 
where 



1 



G\ = (F^^''d,X){F^pdPX). 
After the field redefinitions, the action for a general scalar (p is obtained 



(88) 

(89) 
(90) 



C = -Vy = -V 



l + lF.F-^iF.Fy]U + d, 



(91) 



where G^ = G^G^, = {F'"'d^(j)){F^pdP(j)). 

The equations of motion of the gauge field and the field are respectively 



(92) 



and 



l+^-F.F-^iF.FY^ 



1 

16' 



y 



(93) 



4.3.1 Time evolution 

First, we also consider the space- independent case with the electromagnetic field 
components: E(t) = {Ei{t) , E2{t) , E^it)) and B = {Bi,B2,B^) = const. So 
= 02(^2 + 52 + Bl) and Eq. gives 



5° 
go 



El + 


(B 


E)5i^ 










(B 


E)52j 




y 




'F3^ 


(B 


.E)Bs\ 


y J 



0, 
0, 

: 0. 



From these three equations, we can get 



(94) 



(95) 
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Following the procedure in the previous discussion, we can get the solution of 
when the electric fields are constant: 



= + 0_e-'^*, uj^ = {l- r) (3^, (96) 

for a tachyon, and 

= 0s sin (cut) + 0c cos (cut), cu^ = (1 — r) 7^, (97) 
for a massive scalar, where 

E-E 

1 + B B ^ ^ 

The results are similar to those on D-strings and D2-brane: for a tachyon field 
0, the growth rate becomes smaller which means that unstable D3-branes decay 
slower, and, for a massive scalar 0, the oscillating frequency becomes smaller 
due to the presence of non-vanishing constant electromagnetic fields. The mass 
squared of also relies on the ratio r but not necessarily on the components of 
the electromagnetic fields. We can also learn from the expressions of r and 
that the electric fields tend to decrease while the magnetic fields tend to increase 
the absolute values of the mass squared u^. Finally, we can still get the same 
equation as Eq. but with a different definition of r here. 



4.3.2 Fixed electromagnetic fields 

If we set the electromagnetic fields F^^, to be constant, Eq. fl93|) can be expressed 
as 

U[1 + ^F-F-^{F- F)2]{n0 - F^^F^^^d^dpff) + «[i + If ■ F - 
^(F ■ F)2]0} + [(90 ■ 90)00 - 9^09,09'^9>] + F^,F^''[9>9p0n0 
-^a„09"(9>9,0) + (90 ■ 90)9''9p0 - ^9,09^^(90 ■ 90)] + 

F^.F'^PF^^F"^[d^<pd.,<pd''d,<P - ^d,d''{d''<pd^<P)] = 0. (99) 



The solution of this equation can be the one ([9]) or ( jlOl) with the momenta 
satisfying 

A;2 = {F^,k''){F^Pkp) + [1 + - E^ - (E ■ B)>, (100) 

which are similar to the results on D2-branes. To guarantee the massless scalar 
and massive scalar propagating no faster than light, the momenta of the field 
must be restricted to be some particular values. 
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4.3.3 Electromagnetic waves 

Let us switch on a gauge field background with a single component ^3 along the 
direction on the D3-brane. To satisfy the Lorentz gauge, we still assume that 
^3 is homogeneous along the direction, i.e., d^A^^ = 0. Then the non- vanishing 
components of the field strength are: 

^03 = ^0^3 = ^3, Fi3= 9x^3 = 52, F23 = ^2As = -B^. (101) 

So Ffj^i^F^'-' = 0. For convenience, we denote ^43 by A and m = 0, 1, 2 in what 
follows. 

Setting (p = 0, the DBI action fl88|) and fl9T]) becomes the DBI action for the 
gauge field in d = 4 dimensions. Then the gauge field equation fl92|) becomes 
the same form as Eq. ( ffSl) but for m = 0, 1,2 and correspondingly the solution 
has the same form as the one (1791) . describing a beam of planar electromagnetic 
waves propagating along the x^ direction. This solution also satisfies the Maxwell 
equation d'^d^A = 0. 

We now include the nontrivial field in the discussion. The components of 
Gfj, are 

Go = diAd24> - d2Adi4>, Gi = doAd2^ - d2Ado4>, 

G2 = diAdo(j) - doAdi(j), G3 = 0. (102) 

We can expect that the solutions of A and in Eq. ( l92l) should be similar 
to those on D2-branes except that we are considering the case with one more 
dimension. From the discussion on D2-branes, we have learned that the coupled 
solutions of A and would lead to = 0. So what we need to do is to check 
whether the conditions G^ = can give the electromagnetic wave solution and 
the tachyon profile solution to their equations of motion (1921) and (1931) . Assuming 

= 0, Eq. ([92D and Eq. ([93]) can be reduced to 

a- (^^^ = 0, (103) 
( M) + (1 + d^Ad^A)^ = 0, (104) 

\ y J y 

where y = a/(1 + AdmA)U + d(j) ■ d(j). The two equations respectively give 

[U{1 + dmAd'^A) + 90 ■ a0]9"9„A - dnA[Ujd''{dmAd'^A) (105) 
+a0(l + dmAd^A)d''cl) + ^9^^(90 ■ 90)] = 0, 

f/(l + d^Ad'^A)[Uct) + «0(1 + d^Ad'^A)] - ^Ud<j) ■ d{dmAd^A) 

+ [(90 ■ 90)00 - df,(f)d^(pd^d''(p] = (106) 
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The solutions of A and from the above equations of motion can be given 
respectively: 

v4 = v4+e''''""'" + A_e-*^'""'", Qo = qf + ql (107) 
0(x^)=0+e^'=-^^ + 0_e-^>^^ h = h = h^ kl = a, (108) 

qo qi q2 

where the momentum coupling relation in Eq. (11081) comes from the condition 
Gfj_ = 0. Thus, the coupling relation is similar to that on D2-brane. (i) For 
a massless scalar (p with a = 0, the solution (11081) can be real and so is valid. 
The solution and momentum coupling relation indicate that the massless scalar 
(f) propagates together with the gauge field A, which describes a D3-brane fluctu- 
ating in an oscillating mode in one of the transverse direction, (ii) For a tachyon 
with a = (3'^, the real solution can exist when ko, ki and /c2 are all real since 
^3 = is real. But in this case the field describes an oscillating scalar that 
propagates faster than light. Another possibility that there exists a real solution 
is that we set /cq = = ^2 = 0. Then we can get a stationery tachyon kink solu- 
tion, (iii) For a massive scalar a = —7^, the real solution can be obtained when 
ko, ki and ^2 are all imaginary since k-^ is imaginary. But the solution indicates 
that the field grows with time and so is unstable. In the case of /cq = /ci = ^2 = 0, 
we can also get a real stationary solution. 

5 Conclusions 

We have shown that the equations of motion from the DBI effective action for a 
tachyon or an ordinary scalar field admit exact classical solutions if we choose ap- 
propriate potentials and field redefinitions. These solutions can also be obtained 
from the DBI action including the world-volume massless fields, which makes 
it possible to investigate the exact coupling relation between a general scalar 
(it can be a tachyon or an ordinary scalar) and the massless fields on a D-brane. 
The obtained solution of an arbitrary field from the DBI action including multiple 
fields is simply the one obtained from the DBI action with all other fields van- 
ishing, except that in the former case there is a momentum coupling constraint 
which comes from the vanishing of the coupling terms in the DBI action. 

The main results we obtained from these exact solutions and momentum 
coupling relations include: 

(i) For a tachyon, the obtained spacetime-dependent solution can only be 
complex, which is invalid since we are considering the DBI effective theory of a 
real field. But in the purely time-dependent case or purely space-dependent case, 
there exist real solutions. For an ordinary scalar, we find real-valued spacetime- 
dependent solutions corresponding to travelling waves with arbitrary amplitude. 

(ii) In the case of coupling to the massless scalar fields in the transverse 
directions to the D-brane, we find solutions in which the tachyon or massive scalar 
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field couples to uniformly moving , but not oscillating ones, in terms of the 
momentum coupling conditions between and . The solution of implies 
that the effective mass of the tachyon or massive scalar appears to decrease 
due to the uniform motion of Y^ (or of the whole D-brane since Y^ describe the 
fluctuation of the D-brane). The amount of the reduced mass depends on the 
value of the velocity of the whole D-brane. The values of its components are 
allowed to change, i.e. the direction of the velocity of the whole D-brane can 
vary. At a critical value of the velocity, the tachyon or massive scalar field even 
loses all its mass and becomes a massless scalar. 

The result of mass loss implies that unstable D-branes decay slower when 
moving faster and that the massive scalar oscillates less frequently on D-branes 
that move faster. 

(iii) In the case of coupling to gauge fields, we considered three situations, 
(a) In the space-independent case on D-branes of arbitrary dimensions or on 
D-strings, the effective mass of the general scalar coupled to constant elec- 
tromagnetic fields also appears to decrease. The amount of the reduced mass 
depends on the ratio r of the energy densities of the electromagnetic fields. At 
the critical value r = 1, the general scalar even loses all its mass. The solution 
of indicates that the electric fields tend to reduce while the magnetic fields 
tend to increase its effective mass. For the tachyon field case, this means that the 
electric fields tend to slow down while the magnetic fields tend to expedite the 
decay process of unstable D-branes. (b) In the spacetime-dependent case on Dp- 
branes with p >2, the momenta of the general scalar that is coupled to constant 
electromagnetic fields can only vary on some restricted surface in the momentum 
space that is decided by the components of the electromagnetic fields. In order to 
keep the massless scalar and massive scalar propagating no faster than light, their 
momentum must satisfy some extra constraints, (c) On Dj)-branes with p > 2, 
the gauge fields can vary as a beam of propagating electromagnetic waves. When 
the solution of is real, the tachyon field is stable, behaving in an oscillating 
mode, and the massive scalar field is unstable, behaving in a growing mode. In 
the presence of propagating electromagnetic waves, real stationery kink solutions 
of can also exist. For a massless scalar 0, the real solution indicates that it 
propagates together with the gauge field A. That is, D-branes carrying a beam 
of propagating electromagnetic waves are fluctuating in an oscillating mode that 
is related to the oscillating mode of the electromagnetic waves. 
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